By the Fricke surfaces, we mean the space defined by the equation q, r). When k = 0, it is naturally isomorphic to the moduli of once-punctured tori. It was Markoff who found the transformations, called Markoff transformations, acting on the Fricke surface. The transformation is typically given by (p, q, r) → (r, q, rq − p) acting on R 3 that keeps the surface invariant. In this paper we propose a way of interpolating the action of Markoff transformation. As a result, we show that the space {(p, q, r); p 2 +q 2 +r 2 −pqr −4 = 0, p > 2, q > 2, r > 2} admits a GL(2, R)-action extending the Markoff transformations.
Introduction
By the Fricke surface, we mean the space defined by the equation (p, q, r). It has attracted interest innumerably often for over a hundred years. When k = 0, it is naturally isomorphic to the moduli of once-punctured tori, first considered by Fricke [2] and often called the Fricke moduli. We refer to the papers [5] and [6] for the natural isomorphism.
It was Markoff who found the transformations, called Markoff transformations, acting on the Fricke surface in relation with the theory of quadratic forms. The transformation, typically given by T : (p, q, r) → (r, q, rq − p) acting on R
3
, keeps the surface invariant. As we know that quite a few contributions were made and are still in progress, in this paper we propose a way of interpolating the action of Markoff transformation. As a result, we show that the space {(p, q, r); p To give a more precise statement, we first consider the n-times composition of the transformation T : in Section 2. It gives rise to a 1-parameter group and its action on the Fricke space is given also in Section 2. By using the symmetry amongst the letters p, q and r, we define two similar 1-parameter groups and thus have a group G generated by these 1-parameter groups.
We next compute in Section 3 the algebra generated by the infinitesimal automorphisms of the 1-parameter groups above. It is shown that, only when k = 4, the algebra is finite dimensional and is isomorphic to the Lie algebra sl(2, R). A specific role of the case k = 4 is also clarified in [3] , where the Markoff transformations are investigated as a dynamical system on the surface.
In Section 4, we treat the case k = 4 and, by introducing an affine coordinate system on the surface, we show explicitly that the group GL(2, R) includes the group G and acts on the space {(p, q, r); p
Fricke surfaces
We define a function on R 3 with coordinates (p, q, r) by
where k is a real parameter, and define a surface by
called simply the Fricke surface with parameter k. We refer to the book by Fricke and Klein [2] and the articles [5] and [6] .
The shape of the surface depends on the parameter. To have an intuitive image, We first draw four pictures; refer to Goldman [3] for more pictures. The left surface of Figure 1 , where k = 0, consists of four portions (and the origin), and each is asymptotic to the hyperplanes {p = ±2}, {q = ±2}, and {r = ±2} at infinity; the portion in the first octant is asymptotic to the hyperplanes {p = 2}, {q = 2} and {r = 2}, and so on. The right surface in Figure 1 , where k = 4, consists of five portions, and they are touching each other at the points (2, 2, 2), (−2, −2, 2), (2, −2, −2) and (−2, 2, −2). In the case k < 0, the surface looks like the one with k = 0 with the origin excluded. In the case 0 < k < 4, it looks like the left picture of Figure 2 where k = 2. In the case k > 4, the surface has only one-component and is similar to the right picture of Figure 2 where k = 8.
As is seen from the defining equation or from the figures, the surface has an apparent symmetry K × S 3 , where S 3 is the group of permutations of the coordinates p, q and r, and K ∼ = (Z 2 )
×2
is the Klein four-group generated by sign changes (p, q, r) → (p, −q, −r) and (p, q, r) → (−p, q, −r); it intertwines the four noncompact components when k ≤ 4.
To have an extrinsic view more closely, we compute the second fundamental form of the surface. We set
If we regard the surface as a covering of the pq-plane, the third coordinate r is a function 
Then the second derivatives are
From this formula, a computation when k = 0 shows that
which implies that the surface cannot be convex; this is not obvious as seen from Figure  1 . When k = 4, the determinant simplifies to
This expression and the similar expressions obtained by changing the role of p, q, and r imply that the surface is concave where |p| > 2, |q| > 2 and |r| > 2, convex where |p| < 2, |q| < 2 and |r| < 2, and degenerate along six lines p = ±2, q = ±2 and r = ±2. 
They satisfy the relation S = T
−1
RT . Let G Z be the group generated by T, R and S. The function ϕ (k) turns out to be invariant under G Z irrespective of the value of k; thus it is a group of automorphisms of the surface V k . Note that G Z does not commute with the Klein-four group K, and that it does not generally preserve the connected components of V k ; however, the component in the box p ≥ 2, q ≥ 2, and r ≥ 2 (when it exists) is invariant and so is the component in the cube |p| ≤ 2, |q| ≤ 2, and |r| ≤ 2 (when it exists). Refer to [5] .
It is well-known and easy to show that the correspondence
gives an isomorphism between G Z and P SL 2 (Z). We refer to [1] , [3] , [4] . We are curious about a possible continuous group of automorphisms of V k having G Z as a subgroup.
We start by recalling one of the Chebyshev polynomials which we denote by b n (q). They are determined by the difference equation
with the initial conditions b 0 (q) = 1 and b 1 (q) = q. This polynomial coincides with S n (q) in the reference [7] and equals to the hypergeometric polynomial (n+1)F (n + 2, −n, 3/2; (2 − q)/4). Induction on n leads to the following lemma.
Similarly, for R and S,
We next define the function b t (q) for a continuous parameter t so that it satisfies the equation
and that it coincides with b n (q) when t = n is an integer. Such a function is uniquely determined and an explicit expression is
where
In terms of the hypergeometric function, we have b t (q) = (t+1)F (t + 2, −t, 3/2; (2 − q)/4). It has the following properties that can be verified by use of (1).
Lemma 2.2.
Using the function b t , we define a 1-dimensional continuous group by the action
Property (2) of Lemma 2.2 implies that T t form a 1-parameter family of automorphisms, i.e. T t+s = T t • T s , and property (3) assures that T t preserve the surface V k for any fixed k. Similarly, we define R t and S t :
They have similar properties as those of T t . Furthermore, by (1) 
In the following, we denote by G the group generated by T t and R t (so, also by S t ).
Now an important remark is in order: The function b t (q) is defined for q > −2 and is real-valued; it is singular at q = −2. Hence, we need to restrict our consideration of the automorphisms above to the part of the surface lying in the set {(p, q, r) ∈ R 3 ; p > −2, q > −2, r > −2}; this part will be denoted by V . We will see in the next subsection that the surface V is invariant under these automorphisms.
Decompostion of V into G-orbits
In order to see the action of G on V , we study the section of V by a plane parallel to any one of the coordinate planes. Such a section is generally a quadratic curve, and the 1-parameter subgroups {T t }, {R t } and {S t } preserve the coordinate function q, p and r, respectively. To have an explicit description, we consider T t in some detail. It defines a motion on the quadratic curve for general fixed value of q.
First, we take care of the case q = 2. In this case, (r − p)
is (p, 2, r) := (tr − (t − 1)p, 2, (t + 1)r − tp) in view of (5) We next consider the case where q > 2 and introduce new coordinates (P, R) on the pr-plane by P = (p − r) q + 2/2 and R = (p + r) q − 2/2.
Then (p, q, r) ∈ V if and only if (P, R) is on the hyperbola
We assume further that q 2 > k for the moment and introduce a parameter ρ on the hyperbola by P = q 2 − k sinh ρ and R = q 2 − k cosh ρ.
Let (p, q, r) be the image of (p, q, r) under T t , and P and R the corresponding values of P and R. We then define the value α depending on t by
This can be done, because property (4) Then, we can check that P = P cosh α + R sinh α and R = P sinh α + R cosh α.
That is, relative to the parameter ρ, the motion by T t is the translation by the amount of α. When t tends to the infinity, the value of α also tends to the infinity in both sides. In fact, we can see that α = t(log(q − q 2 − 4)/2). When q 2 < k, we only need to replace the role of P with that of R. 
we see that the motion under T t is a rotation on the circle by angle α. The curves drawn in Figure 3 (left) are sections of the surface V by planes parallel to the pr-plane when q = 3; the parameter k takes the values 0, 4, 9 and 16. In Figure  3 (right), the curves are sections when q = 3/2; the parameter k takes the values 4, 8 and 16.
The consideration above shows that the global behavior of the transformation changes depending on the value of k. Referring to the notation (1), we set ϕ pt = 2p t − qr t , ϕ qt = 2q − p t r t , and ϕ rt = 2r t − qp t . Then, we see that (ϕ pt ) > k, the values of p and r are unbounded in both directions and, although the transformation T t is defined on this curve, the transformation R t (resp. S t ) becomes undefined when the value p (resp. r) is getting smaller than or equal to −2.
We summarize the behavior of the action of G as follows in the case where k ≤ 4. 
Invariant area form
We study some local properties of transformations in G. We first remark that the Jacobian of every transformation regarded as a transformation of R 3 (p, q, r) is always equal to 1 by property (2) of Lemma 2.2. We next consider the area form ω = − dp ∧ dq ϕ r defined on the set where ϕ r = 0. Because of the identity ϕ p dp + ϕ q dq + ϕ r dr = 0, it is equal to −dq ∧ dr/ϕ p and −dr ∧ dp/ϕ q where they are defined. Thus, we can regard ω an area form away from the set {ϕ p = ϕ q = ϕ r = 0}.
Proposition 2.4. The form ω is invariant under the action of G.
Proof. We set T t (p, q, r) = (p t , q, r t ), where p t = b t−1 (q)r − b t−2 (q)p and r t = b t (q)r − b t−1 (q)p. Then, dp t ∧ dq = (∂p t /∂p) ∧ dq = (b t−1 (q)r p − b t−2 (q))dp ∧ dq. On the other hand,
Since r p = −ϕ p /ϕ r , we have dp t ∧ dq/(2r t − p t q) = dp ∧ dq/(2r − pq).
When k = 0, this form ω is known to be the Weil-Petersson Kähler form; we refer to Wolpert [8] . For general value of k, the form determines a Poisson structure; we refer to, say, [4] .
Remark 2.5. The set {ϕ p = ϕ q = ϕ r = 0} consists only of one point (0, 0, 0) when k = 0, and of four points {(2, 2, 2), (2, −2, −2), (−2, 2, −2), (−2, −2, 2)} when k = 4. Otherwise, it is empty. Since the action of G is transitive on the part lying in the box p ≥ 2, q ≥ 2, r ≥ 2 when k ≤ 4 as well as in the cube |p| < 2, |q| < 2, |r| < 2 when k < 4, the 2-form invariant under G is unique up to a constant.
Infinitesimal automorphisms
In this section, we compute the infinitesimal generators of the transformations T t , R t , and S t , hoping to unveil the structure of the group G.
We define two vector fields ∂ p and ∂ q by
both are defined where ϕ r = 0. The operators ∂ p and ∂ q are derivations relative to p and q respectively of functions on the surface by regarding the variable r as a function of (p, q).
The infinitesimal generator of the 1-parameter group {T t } is the tangent vector X of the curve
for any fixed (p, q, r). We set
Then, we have
Here we used the identity ϕ p λ + ϕ r ν = 0, which follows from that the point T t (p, q, r) is lying on the surface V . Similarly, for {R t }, by exchanging p and q, we have
where µ = µ(p, q, r) = λ(q, p, r). Our interest here is to see how large the algebra of vector fields generated by X and Y is. (We need not to care {S t } since its infinitesimal generator is included in this algebra because of
and −[H, Y ] is equal to the right hand side of the above with the exchange: p ↔ q and λ ↔ µ.
We set
By the recurrence relation (1) of Lemma 2.2, we see that ∂b t−2 (q)/∂t| t=0 = g(q), and by the property (3) of Lemma 2.2, we have g(q) = qf (q)/2. Hence, we get
where h is the function f with variable p in place of q. We set
Then, ϕ From these identities, we get
Hence,
A straightforward calculation of [H, X] using the formulas above leads to
The last two formulas reveal that the algebra generated by X and Y shows a distinctive character depending on whether κ = 0 or not: Proposition 3.1. The algebra generated by X and Y is infinite dimensional unless κ = 0. When κ = 0, the algebra is isomorphic to sl(2, R).
Proof. The latter statement is easy to see because, when κ = 0,
To prove the former statement, we pay attention to the vector fields (Ad X ) 
for any value of q. We pay attention to the highest order term
that is actually dependent on q. Its growth order relative to p and q is easily seen to be O(((log q)
). This means that such a relation cannot be non-trivial. ), from which we get the identity x t = ±(x + ty). Relative to r t , we have z t = ±(z − ty). Namely, the affine transformatioñ T t : (x, y, z) −→ (x + ty, y, z − ty) in the plane X covers the transformation T t . Similarly, we can see that the actions of R t and S t lift to (x, y, z) → (x, y + tx, z − tx) and (x, y, z) → (x + tz, y − tz, z), respectivey. Therefore, we have seen the following proposition.
Such a curve starting from the point (2, 2, 2) lifts to a half line starting from the origin. We call such a curve a ray. The half line on S defined by the equation p = 2, q = 2, or r = 2 is one of rays. The set of rays is parametrized by a circle and the surface S is foliated by the rays.
Remark 4.4. When k = 4, there exists no 1-form τ invariant under the action of G so that dτ = ω.
